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Abstract

Conventional Gabor representation and its extracted features often yield a fairly poor performance in retrieving the rotated and
scaled versions of the texture image under query. To address this issue, existing methods exploit multiple stages of transformations
for making rotation and/or scaling being invariant at the expense of high computational complexity and degraded retrieval performance.
The latter is mainly due to the lost of image details after multiple transformations. In this paper, a rotation-invariant and a scale-invariant

Gabor representations are proposed, where each representation only requires few summations on the conventional Gabor filter impulse
responses. The optimum setting of the orientation parameter and scale parameter is experimentally determined over the Brodatz and
MPEG-7 texture databases. Features are then extracted from these new representations for conducting rotation-invariant or scale-invari-
ant texture image retrieval. Since the dimension of the new feature space is much reduced, this leads to a much smaller metadata storage
space and faster on-line computation on the similarity measurement. Simulation results clearly show that our proposed invariant Gabor
representations and their extracted invariant features significantly outperform the conventional Gabor representation approach for rota-
tion-invariant and scale-invariant texture image retrieval.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Besides color, texture is another salient and indispens-
able feature for content-based image indexing and retrieval
application through similarity matching. Periodicity,
coarseness, inherent direction and pattern complexity are
considered as the most perceptually distinct properties of
texture. Textures are psycho-physically perceived by the
human visual system (HVS), particularly, on the aspects
of orientation and scale of texture patterns [1].

Texture analysis has been an active research in the past
with numerous algorithms being developed based on differ-
ent models, such as grey-level co-occurence (GLC) matrices
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[2], Markov random field (MRF) model [3], simultaneous

auto-regressive (SAR) model [4], and Wold decomposition

model [5], to name a few. These well-known spatial domain
texture analysis models (except the GLC matrices and the
multi-resolution SAR model) have a fundamental weak-
ness that the image is analyzed at a single scale, and this
aspect can be improved by employing a spatial-frequency
(i.e., multi-channel) representation. In fact, it is well-known
that the visual cortex of the HVS can be appropriately
modeled as a set of independent channels, and each chan-
nel is tuned to a particular orientation and spatial fre-
quency [6]. Hence, a joint spatial-frequency multi-channel
representation methodology is effective in characterizing
texture image features.

Wavelet theory is a unified and effective mathematical
framework for multichannel image analysis (e.g., [7]).
Essentially, it transforms an image to one low-pass image
plus multiple high-pass images. The low-pass image is
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Fig. 1. The elliptical contours adjacent to each other indicate the half-
peak magnitude of the filter responses in the Gabor filter family. The
origin (u,v) = (0,0) is at the center of the image array. The filter
parameters used here are Ul = 0.05, Uh = 0.38, K = 6, and S = 4.

J. Han, K.-K. Ma / Image and Vision Computing 25 (2007) 1474–1481 1475
obtained by iteratively applying a low-pass filter to the fil-
tered baseband image obtained from the previous iteration,
while the high-pass images contain the information resulted
from high-pass filtering at each decomposition stage. The
energy and standard deviation of the high-pass images
are the most commonly used features for texture classifica-
tion and segmentation [8,9].

As a relaxed wavelet transformation [10], the Gabor fil-
ter family essentially performs a multi-channel representa-
tion, which is in line with the multichannel filtering
mechanism of the HVS in perceiving visual information
[11–13]. This theory holds that the HVS perceives the
image presented in the retina through a set of filtered
images, and each image contains some unique visual infor-
mation over a narrow range of orientation channel. For
that, image representation through Gabor filtering has
been shown to be a good fitting to the receptive field pro-
files (i.e., the impulse responses of the cells) in the striate
cortex, while providing optimal localization of image
details in a joint spatial and frequency domain [12].

The above-mentioned Gabor representation is fairly
effective in texture analysis and has been beneficial to var-
ious image-based applications, such as segmentation [14–
19], retrieval [20,21], and biometrics [10,23], etc. However,
most of these approaches are sensitive to the changes of
orientations and scales of the texture pattern. On the other
hand, objects of interest under various orientations and
scales are often encountered in the different applications,
such as character recognition and target detection. There-
fore, conventional Gabor representation and its extracted
features often yields a fairly unacceptable performance in
retrieving the rotated and scaled versions of the texture
image under query, since the representation is variant to
the different orientations and scales. In this paper, rota-
tion-invariant and scale-invariant Gabor representations
are proposed, from which each representation only
involves a simple modification of the conventional Gabor
filter family for achieving rotation invariance and scale
invariance, individually.

The paper is organized as follows. In Section 2, conven-
tional Gabor representation will be described with neces-
sary details as the background. In Section 3 the proposed
rotation-invariant and scale-invariant Gabor representa-
tion and their extracted invariant features are presented.
By considering certain practical aspects, the optimum
parameter selection for these Gabor-based features are
studied and recommended in Section 4. The texture image
retrieval performance resulted from independently exploit-
ing the conventional and our proposed invariant Gabor-
based features are compared by conducting extensive sim-
ulation experiments over the Brodatz and MPEG-7 texture
databases. Section 5 concludes the paper.

2. Conventional Gabor representation

A 2-D Gabor function g(x,y) and its Fourier transform
G(u,v) can be expressed as:
gðx; yÞ ¼ 1
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respectively, where ru ¼ 1
2prx

and rv ¼ 1
2pry

. In (1) and (2), rx

and ry characterize the spatial extent and frequency band-
width of the Gabor filter, and (W, 0) represents the center
frequency of the filter in the frequency-domain rectilinear
coordinates (u,v).

Let g(x,y) be the mother generating function for the
Gabor filter family. A set of Gabor functions gm,n(x,y)
can be generated by rotating and scaling g(x,y) to form
an almost complete and non-orthogonal basis set, that is,

gm;nðx; yÞ ¼ a�2mgðx0; y 0Þ ð3Þ

where x0 ¼ a�mðx cos hn þ y sin hnÞ, y0 ¼ a�mð�x sin hnþ
y cos hnÞ; a > 1, hn = np/K, m = 0,1, . . . ,S � 1, and
n = 0,1, . . . ,K � 1. Parameter S is the total number of
scales, and parameter K is the total number of orientations.

In [20], it has been pointed out that to reduce the redun-
dancy in the filtered images, the filter parameters are cho-
sen to ensure that the adjacent half-peak magnitude
contours of the filter responses in the frequency domain
are tangent to each other. In line with the same objective,
however, a new result has been derived based on Fig. 1
as follows.

a ¼ U h
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Fig. 2. Regions bounded by the dotted lines are established for (a)
rotation-invariant Gabor representation, and (b) scale-invariant Gabor
representation.
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where Ul and Uh (=W) denote the lower and upper center
frequencies of interest, respectively. The detailed derivation
of (4) is provided in Appendix A.

Given an image I(x,y), its Gabor-filtered images are

J m;nðx; yÞ ¼
X

x1

X
y1

Iðx1; y1Þgm;nðx� x1; y � y1Þ: ð5Þ

The mean and the standard deviation of the magnitude of
the filtered images, which are used to construct the feature
vector, are respectively defined as

lm;n ¼
1

N

X
x

X
y

jJ m;nðx; yÞj; ð6Þ

and rm;n ¼
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where N is the total number of the image pixels. To mea-
sure the similarity of two texture images i and j, the dis-
tance can be computed over their feature vectors as
follows [20]:

dm;nði; jÞ ¼
lðiÞm;n � lðjÞm;n

aðlm;nÞ

�����
�����þ rðiÞm;n � rðjÞm;n

aðrm;nÞ

�����
�����: ð8Þ

where a(lm,n) and a(rm,n) are the standard deviations of the
respective features over the entire database and used for
feature normalization.

3. Invariant Gabor representations

To overcome the rotation-variance and scale-variance
drawbacks encountered in conventional Gabor representa-
tion, two new invariant representations are proposed in this
paper for significantly improving texture image retrieval
performance. Besides performance, computation is another
merit point, since each new representation can be easily
obtained through some summations over conventional
Gabor representation. Furthermore, the dimension of the
resulted invariant feature space (or vector) is much
reduced, thus yielding faster computation on similarity
measurement.

3.1. Basic idea

Let us consider a set of identical texture images with the
same texture content, except under different orientations.
For each texture image, although the resulted signal energy
distribution at each scale level (i.e., within each circular or
fan-shaped ‘‘band’’ as shown in Fig. 2(a)) would be differ-
ent from band to band, however, the total energy of the
Gabor filters yielded in each band tends to be quite con-
stant, regardless the orientation angle of the texture pattern
and the number of scales involved.

Likewise, the Gabor filter responses under different
scales, but along the same orientation direction, could be
summed up for achieving scale-invariance as shown in
Fig. 2(b). However, unlike rotation-invariance, scale-
invariance is inherently much more complicated. Note that
rotation does not change the texture pattern. However, any
drastically down-scaling could result in aliasing and greatly
alter the original texture content. Therefore, generally
speaking, scale-invariance could be reasonably achieved
only when the scaling factor is not too large and before
the aliasing being incurred. The scale-invariance claimed
in this paper is imposed by this assumption.
3.2. Rotation-invariant Gabor representation and feature

vector

By summing all the K filters in (3) with different orienta-
tions at each scale level, our proposed rotation-invariant
Gabor filter family fgðRÞm ðx; yÞg is obtained. That is,

gðRÞm ðx; yÞ ¼
XK�1

n¼0

gm;nðx; yÞ; m ¼ 0; 1; . . . ; S � 1: ð9Þ

Each gðRÞm ðx; yÞ is a filter that extracts features from a spe-
cific scale band covering all the orientations within the en-
tire half-plane frequency spectrum as shown in Fig. 2(a),
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thus yielding a rotation-invariant Gabor representation.
Hence, the transformation of image I(x,y) is

J ðRÞm ðx; yÞ ¼
X

x1

X
y1

Iðx1; y1ÞgðRÞm ðx� x1; y � y1Þ;

m ¼ 0; 1; . . . ; S � 1; ð10Þ

that represents the properties of I(x,y) within a specific
scale band covering the entire orientation span of the
half-plane frequency spectrum. Therefore, the mean value
lðRÞm and the standard deviation rðRÞm of the magnitude of
the transform coefficients are defined as

lðRÞm ¼
1

N
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x

X
y

jJ ðRÞm ðx; yÞj; ð11Þ
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respectively, and they are rotation-invariant as well. The
rotation-invariant Gabor feature vector f(R) is now con-
structed for texture image retrieval as

fðRÞ ¼ ½lðRÞ0 ; rðRÞ0 ; lðRÞ1 ; rðRÞ1 ; . . . ; lðRÞS�1; r
ðRÞ
S�1�: ð13Þ
3.3. Scale-invariant Gabor representation and feature vector

Similarly, by summing all the S filters in (3) with differ-
ent scales under each orientation, our proposed scale-
invariant Gabor filter family fgðSÞn ðx; yÞg can be obtained as

gðSÞn ðx; yÞ ¼
XS�1

m¼0

gm;nðx; yÞ; n ¼ 0; 1 . . . ;K � 1: ð14Þ

Each gðSÞn ðx; yÞ is a filter that extracts features from a spe-
cific orientation band covering all the scales with the fre-
quency spectrum as shown in Fig. 2(b), thus yielding a
scale-invariant Gabor representation. Hence, the transfor-
mation of image I(x,y) is

J ðSÞn ðx; yÞ ¼
X

x1

X
y1

Iðx1; y1ÞgðSÞn ðx� x1; y � y1Þ; n

¼ 0; 1; . . . ;K � 1; ð15Þ

that represents the properties of I(x, y) within a specific ori-
entation band that covers S scales. Therefore, the mean va-
lue lðSÞn and the standard deviation rðSÞn of the magnitude of
the transform coefficients are

lðSÞn ¼
1

N
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y

jJ ðSÞn ðx; yÞj; ð16Þ
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Note that these quantities are also scale-invariant. The
scale-invariant Gabor feature vector f(S) is thus constructed
for texture image retrieval as

fðSÞ ¼ ½lðSÞ0 ; rðSÞ0 ; lðSÞ1 ; rðSÞ1 ; . . . ; lðSÞK�1; r
ðSÞ
K�1�: ð18Þ
4. Performance evaluation of texture image retrieval

Two popular texture databases are used in our experi-
ments: the Brodatz and MPEG-7 texture databases, con-
sisting of 112 and 52 different types of texture images,
respectively. For the Brodatz texture database, each origi-
nal image with a size of 512 · 512 is evenly divided into six-
teen 128 · 128 non-overlapping sub-images, thus creating a
database of 112 · 16 = 1792 Brodatz texture images. If any
one of them is imposed as the query image, the 16 texture
images divided from the same original image are viewed as
the images from the same class and targeted to be retrieved
as the ground truth.

Each image in the database is processed to generate a
feature vector as its metadata for performing similarity
matching. The distance d(i, j) between two feature vectors
according to (8) is computed (say, image i is the query
image, and image j is one of the database images under
matching). Those images with the highest scores (i.e.,
shortest distances) are retrieved and displayed according
to their ranked scores. In the ideal case, the top 16 images
being displayed should be those images from the same class
(i.e., the ground truth), including the query image (sup-
posed to be ranked as the top match).

The retrieval performance is assessed in terms of the
commonly used precision and recall defined as follows [24]:

PrecisionðNÞ ¼ CN

N
and RecallðNÞ ¼ CN

M
; ð19Þ

where N is the total number of retrieved images with the
highest ranking scores, CN is the total number of the
ground-truth images from the same class that appear in
the retrieved N images, and M is the actual number of
the ground-truth images from the same class of the query
image. In our experiment, M = 16 and 0 6 CN 6 16; thus,
0 6 Recall(N) 6 1. Note that CN is a function of N; intui-
tively, the larger the N value is imposed, the more the
ground-truth images will be retrieved (i.e., larger CN). After
exhaustively experimenting each of the database images as
the query image, the curve of the average precision or the
average recall can be used to assess the retrieval perfor-
mance. Experimental results on the MPEG-7 texture data-
base are obtained in the same way.
4.1. Decomposition setting for conventional Gabor

representation

Besides the retrieval performance, there are two other
important aspects in determining the number of filters for
generating conventional Gabor features: (1) the metadata
storage space and (2) on-line retrieval time required in
computing the feature distance. Extensive experiments
using conventional Gabor features under all possible
combinations of the scale numbers (S = 3, 4, and 5) and
the orientation numbers (K = 4, 5, 6, 7, 8, and 9) are con-
ducted on the Brodatz and MPEG-7 texture databases,



Fig. 3. The texture image retrieval results (with S = K = 4) yielded by
exploiting: (a) conventional Gabor representation, in which only 5 out of
16 ground-truth images are correctly retrieved and ranked within top 26
images and (b) our proposed rotation-invariant Gabor representation,
which achieves an ideal retrieval. (The top-left image is the query image.)
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respectively. Comparing the obtained results, the following
facts are observed:

• Conventional Gabor features with S = 4 or S = 5 yields
better retrieval performance than that with S = 3;

• Conventional Gabor features with S = 4 and different K
values produce almost the same retrieval performance as
that of using S = 5 under the same K values,
respectively.

Therefore, for conventional Gabor representations, it
can be concluded that S = K = 4 is the most appropriate
decomposition setting for the texture image retrieval
application.

4.2. Experimental results based on rotation-invariant Gabor

features

In order to evaluate the retrieval performance using our
proposed rotation-invariant Gabor features on the rotated
textures, the ground-truth image sets (containing sixteen
128 · 128 images in each set) are prepared as follows. Each
original 512 · 512 Brodatz image is first rotated with 16
equally spaced angles, from 0 to 15p/16 with an incremen-
tal step size of p/16. The sixteen 128 · 128 images are then
obtained by partitioning each rotated image from the
image’s center using a 128 · 128 window. These 16 rotated
images are then added back to the Brodatz database to
replace the original 16 sub-divided images.

The retrieval performance using our proposed rotation-
invariant Gabor feature over the Brodatz and MPEG-7
texture databases are evaluated, individually. In our exper-
iments, the number of scales S is set to be S = 3, 4, 5, and 6.
The number of orientations K is set to be K = 4, 5, 6, 7, 8,
and 9. Comparing these results, S = 4 and S = 6 yields the
best retrieval performance for the Brodatz and MPEG-7
databases, respectively. Furthermore, the performances
resulted by using S = 4, 5, and 6 are very close to each
other, and, as expected, almost irrelevant to the value of
K imposed. Therefore, S = K = 4 is considered as the most
proper decomposition parameter setting for our proposed
rotation-invariant Gabor representation. The retrieval
results of using conventional Gabor features and our pro-
posed rotation-invariant Gabor features are shown in
Fig. 3, respectively. Note that all the 16 rotated images
(i.e., the ground truth) are retrieved as the highest 16
matches (i.e., ideal performance) using our rotation-invari-
ant Gabor features, while only 5 out of 30 images being dis-
played are correctly retrieved by using the conventional
Gabor representation.

4.3. Experimental results based on scale-invariant Gabor

features

In order to evaluate the retrieval performance of our
proposed scale-invariant Gabor features on the scaled tex-
ture images, the ground-truth image sets (containing six-
teen 128 · 128 images in each set) are prepared as
follows. For each original 512 · 512 Brodatz image, differ-
ent sizes of square windows were applied to crop the image.
Each cropped image is then re-sized to 128 · 128 image by
first applying anti-aliasing low-pass filtering followed by a
down-sampling process. The resulted 16 sub-images are
then added back to the Brodatz database to replace the ori-
ginal 16 sub-divided images.

The retrieval performance of our proposed scale-invari-
ant Gabor features on the Brodatz and MPEG-7 texture
databases are evaluated separately. For that, several scale
numbers S = 3, 4, 5, and 6, together with the orientation
numbers K = 4, 5, 6, 7, 8, and 9 are experimented, respec-
tively. Comparing their yielded results, it can be observed
that S = K = 4 is also the most appropriate filter setting
to our proposed scale-invariant Gabor representation.
The retrieval results using conventional Gabor features
and our scale-invariant Gabor features are demonstrated
in Fig. 4, respectively. Note that all the 16 scaled images
(i.e., the ground truth) are retrieved among the highest 26
matches using our scale-invariant Gabor features. On the



Fig. 4. The texture image retrieval results (with S = K = 4) yielded by
exploiting: (a) conventional Gabor feature, from which only four ground-
truth images are correctly retrieved and ranked in the 1st, 2nd, 7th, and
21st, respectively; and (b) our proposed scale-invariant Gabor feature,
resulting in total 16 ground-truth images being retrieved and ranked
among the top 26 images. (The top-left image is the query image.)

Fig. 5. The retrieval performance using conventional Gabor feature and
our proposed rotation-invariant and scale-invariant Gabor features (with
S = K = 4) on the Brodatz texture database, when there is neither rotation
nor scaling issue involved.
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other hand, only four ground-truth images are successfully
retrieved among the top-ranked 30 images by using the
conventional Gabor representation.
4.4. Observations and comments

Inherently, scale-invariant texture image retrieval is
much more difficult than rotation-invariant texture image
retrieval, because the dynamic range of scale changes can
be fairly large, while image rotation angle is limited to
2p, and mostly to p, as a majority of texture image patterns
are often symmetrical and oriented in one direction. For
example, in our proposed invariant Gabor representation
approach, one can see that all the 16 rotated texture images
are retrieved and ranked on the top 16 positions in
Fig. 3(b). On the other hand, the 16 scaled ground-truth
texture images are scattered within the top 26 retrieved
images in Fig. 4(b). As mentioned earlier, this is due to
the fact that drastically down-scaling the texture image
could destroy its original texture patterns owing to
under-sampling aliasing effect.

When generating texture features (as metadata) in an
image database, we may need to accommodate various tex-
ture querying objectives. Some content-based retrieval
applications may prefer rotation/scale sensitive results,
while others might not. Hence, a practical approach is to
generate the metadata for both rotation/scale sensitive
and rotation/scale invariant cases. Note that the additional
computation cost to having both metadata is, generally
speaking, not a concern. This is due to the fact that the
computing of the proposed rotation/scale invariant texture
features can continuously proceed on the results of the con-
ventional Gabor representation via summations.

One should bear in mind that neither rotation-invariant
nor scale-invariant is always desirable in the image query
application. For example, in browsing the texture images
in terms of their classes, any image can be considered as a
representative of its associated class. Thus, any other images
from the same class with either rotated or scaled version are,
in fact, undesirable to be retrieved and displayed. In this sce-
nario, the options of rotation-invariant and scale-invariant
modes should be switched off for reducing: (1) the amount
of computation time spent on similarity matching, (2) the
number of irrelevant images being displayed, and (3) the
user’s time spent on evaluating the retrieved results.

It is important to point out that when neither rotation nor
scaling is part of the application’s requirements, conven-
tional Gabor feature is supposed to achieve superior perfor-
mance to that of the other two cases, individually. This is
because that the cardinality of the conventional Gabor fea-
ture vector is K-times and S-times that of rotation-invariant
and scale-invariant Gabor feature vectors, respectively.
Therefore, it is expected that the more the useful features
are exploited, the better the retrieval performance will be
yielded. See Fig. 5 for S = K = 4, for example.
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5. Conclusion

In this paper, two invariant Gabor representations are
introduced: (1) rotation-invariant, and (2) scale-invariant.
The feature vectors constructed from these representations
are individually exploited for texture image retrieval appli-
cation. Unlike existing rotation-invariant or scale-invariant
methods that require a cascade of transformations, each of
our proposed representations only requires few summa-
tions over the filter responses of conventional Gabor filter
family, individually. That is, for rotation-invariant, all the
filter impulse responses with different orientations but at
the same level of scale are summed together. For scale-
invariant, all the filter impulse responses with different
scales but along the same orientation are summed together.
Furthermore, compared with scale invariance, rotation
invariance is much easier to handle, since there is no alias-
ing issue involved.

Extensive texture image retrieval experiments were con-
ducted over the Brodatz and MPEG-7 texture databases
using the conventional and our proposed rotation-invari-
ant and scale-invariant Gabor features. It has been con-
cluded that S = K = 4 is the most appropriate filter
parameter setting for texture image retrieval, with consid-
erations of the following practical aspects: (1) retrieval per-
formance, (2) metadata storage space and (3) on-line
computation of feature distance for retrieval. The texture
image retrieval performance results clearly show that our
proposed rotation-invariant and scale-invariant Gabor
representations are quite insensitive to rotation or scale
changes of texture patterns, and the retrieval performance
is much superior to that of conventional Gabor representa-
tion, when these invariant options are desirable.

Appendix A. Parameters design for the Gabor filter family

The mother generating function of the Gabor filter fam-
ily is

g0;0ðx; yÞ ¼
1

2prxry
exp � 1
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r2
x

þ y2
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 !
þ 2pjUhx
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and its frequency response locates at the center frequency
(Uh,0):

G0;0ðu; vÞ ¼ exp � 1
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r2
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" #( )
:

A set of Gabor functions gm,n(x,y) can be generated by
rotating and scaling g0,0(x,y) to ensure that the half-peak
magnitude contours of their frequency responses are tan-
gent to each other as shown in Fig. 1 [20]:

gm;nðx; yÞ ¼ a�2mg0;0ðx0; y0Þ ðA:1Þ

where x 0 = a�m(x coshn + y sinhn), y 0 = a�m(�x sinhn +
ycoshn), a > 1, hn = np/K, m = 0,1, . . . ,S � 1, and
n = 0,1,...,K � 1. Parameter S is the total number of scales,
and parameter K is the total number of orientations. Ul and
Uh denote the lower and upper center frequencies of inter-
est, respectively. Let Gm,n(u,v) be the frequency response of
gm,n(x,y). According to the properties of the Fourier trans-
form, we have

Gm;0ðu; vÞ ¼ G0;0ðamu; amvÞ; m ¼ 0; 1; . . . ; S � 1: ðA:2Þ
The corresponding half-peak magnitude contour
Gm;0ðu; vÞ ¼ 1

2
can be represented as

ðu� U mÞ2

A2
m

þ v2

B2
m

¼ 1; ðA:3Þ

where Um = Uh/am, Am ¼
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2
p

ru=am, and
Bm ¼

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2
p

rv=am. Thus, we have

US ¼ U h=aS�1 ¼ Ul ) a ¼ U h

U l

� � 1
S�1

: ðA:4Þ

According to the half-peak constraint, elliptical contours
G0;0ðu; vÞ ¼ 1

2
and G1;0ðu; vÞ ¼ 1

2
should be tangent to each

other; this leads to

U 0 � U 1 ¼ A0 þ A1 ) ru ¼
ða� 1ÞU h

ðaþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2
p : ðA:5Þ

Furthermore, the elliptical contour G0;0ðu; vÞ ¼ 1
2

should be
tangent to the elliptical contour G0;1ðu; vÞ ¼ 1

2
as well as the

line

v ¼ u tan h1; h1 ¼
p

2K
: ðA:6Þ

Substituting (A.6) into G0;0ðu; vÞ ¼ 1
2

for replacing v, we
obtain

ðu� U hÞ2

r2
u

þ ðu tan h1Þ2

r2
v

¼ 2 ln 2: ðA:7Þ

Since the line (A.6) is tangent to G0;0ðu; vÞ ¼ 1
2
, (A.7) has

only one unique solution for u. That is,

� 2U h

r2
u

� �2

¼ 4
1

r2
u

þ tan2 h1

r2
v

� �
U 2

h

r2
u

� 2 ln 2

� �
ðA:8Þ

Therefore, we have

rv ¼ tan
p

2K

� � U 2
h

2 ln 2
� r2

u

� �1
2

: ðA:9Þ
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